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Main Results

• The Haemers bound over R upper bound the zero-error

capacity of classical channels assisted by maximally entangled

state and projective measurements.

• There is a noncommutative Haemers bound which upper

bounds the zero-error classical capacity of quantum channels.
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The Zero-error Capacity of Classical

Channels



Zero-error Communication through Classical Channels
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• Zero-error encoding of N ⇔ Independent set of GN

• Maximum # zero-error messages send through N: α(GN)

• Block-code of length k through N ⇔ confusability graph G�k
N

• Shannon capacity [Shannon 1956] of GN (N):

Θ(GN) := sup
k

k

√
α(G�k

N ) = lim
k→∞

k

√
α(G�k

N )
2



Asymptotic Spectrum of Graphs

[Shannon 1956]
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Asymptotic Spectrum of Graphs

[Shannon 1956]

Classical channels ⇔ Isomorphism classes of graphs.

Sum of two channels N + M ⇔ Disjoint union GN t GM

Product of two channels N ×M ⇔ Strong product

GN � GM

Comm. semiring G = ({Iso. cl. of graphs},t,�,K0,K1)
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[Shannon 1956]

Classical channels ⇔ Isomorphism classes of graphs.

Sum of two channels N + M ⇔ Disjoint union GN t GM

Product of two channels N ×M ⇔ Strong product

GN � GM

Comm. semiring G = ({Iso. cl. of graphs},t,�,K0,K1)

preorder ≤ on G: G ≤ H ⇔ G → H.

α(G) = max{d : Kd ≤ G}, χ(G) = min{d : G ≤ Kd}.

Asymptotic spectrum of graphs X(G) := {≤-monotone homomorphisms

φ : G → R≥0}

• Normalized: φ(K1) = 1

• Additive: φ(G t H) = φ(G) + φ(H)

• Multiplicative: φ(G � H) = φ(G)φ(H)

• Monotone: G ≤ H ⇒ φ(G) ≤ φ(H)
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preorder ≤ on G: G ≤ H ⇔ G → H.

α(G) = max{d : Kd ≤ G}, χ(G) = min{d : G ≤ Kd}.
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φ : G → R≥0}
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d
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For any φ ∈ X(G), Θ(G) ≤ φ(G) ≤ inf
k

k
√
χ(G�k ) = χf (G).

Θ(G) ≤ min{φ(G) : φ ∈ X(G)} ≤ max{φ(G) : φ ∈ X(G)} ≤ χf (G)
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Spectral points in X(G)

X(G)

•
ϑ

[Lovász 79]

• •
• • • •
HF

f

•
χf

[Shannon 56]•
ξf

[MR 16]

•
Θ

Haemers Bound [Haemers 1979]: For G = ([n],E)

HF(G) = min{rank (B) : B ∈ Mn(F), Bi,i = 1 for i ∈ [n], Bi,j = 0 for {i , j} 6∈ E}

Fractional Haemers bound [Blasiak 2013, Bukh-Cox 2018]:

HF
f (G) := inf{ rank (B)

d
: B ∈ Mn(Md(F)), Bi,i = Id ∀ i ∈ [n], Bi,j = 0 for {i , j} 6∈ E}.

• HF
f (G) ≤ HF(G)

• ϑ,HF
f are incomparable ∀ F. ϑ,HR

f ≤ ξf ≤ χf = max{φ : φ ∈ X(G)}
• HF

f ,HF′
f are different ∀ F,F′ of different characteristic [BC18] 4



Entanglement-assisted Zero-error

Capacity and the Haemers Bound



Entanglement-assisted zero-error communication
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|Ψ〉

Still characterized by its confusability graph GN [Cubitt-Leung-Matthews-Winter 2010]

Maximum # zero-error messages send through N assisted by entanglement: α∗(GN)

Entanglement-assisted Shannon capacity:

Θ∗(GN) = sup
k

k
√
α∗(G�k

N ) = lim
k→∞

k
√
α∗(G�k

N )

A restricted setting [Mančinska-Roberson 2016] (originally from non-local games):

Assisted by maximally entangled state & projective measurements: αq(GN)

Quantum Shannon capacity:

Θq(GN) = sup
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αq(G�k

N ) = lim
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Asymptotic Spectrum Characterizations for Θ∗

Entanglement-assisted homomorphism G
∗→ H [Cubitt et al. 2014]:

If ∃ ρ > 0 and ρhg ≥ 0 ∀ g ∈ V (G) h ∈ V (H),

• ∀ g ∈ V (G),
∑

h∈V (H) ρ
h
g = ρ

• ρhgρ
h′
g′ = 0 if {g , g ′} ∈ E(G) and

{h, h′} 6∈ E(H)

G ≤∗ H ⇔ G
∗→ H

α∗(G) = max{d : K d ≤∗ G}
χ∗(G) = min{d : G ≤∗ K d}

E.-A. Asymptotic Spectrum X∗(G) := {≤∗-monotone homo. φ : G → R≥0}

(φ ∈ X(G) and φ(G) ≤ φ(H) if G ≤∗ H)

Theorem [Li-Zuiddam 2019]:

Θ∗(G) = sup
k

k

√
α∗(G�k) = min{φ(G) : φ ∈ X∗(G)}

inf
k

k

√
χ∗(G

�k) = max{φ(G) : φ ∈ X∗(G)}
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Spectral Points

X(G)

Xq(G)

X∗(G)

•
ϑ

•
•
• •

• •

HR
f

HF
f

HFp
f

•
χf

•ξf

X∗(G) ⊆ Xq(G) ( X(G).

(G ≤ H ⇒ G ≤q H ⇒ G ≤∗ H)

χf 6∈ Xq(G) [MR16].

(∃G , χq(G) < χf (G))

• For certain prime p, HFp
f 6∈ Xq(G) [Leung et al. 2012, Briët-Buhrman-Gijswijt

2013].

∃G = G(p),HFp
f (G) ≤ HFp (G) < αq(G) ≤ Θq(G)

• Θ∗(G) ≤ ϑ(G) [Beigi 2010], ϑ ∈ X∗(G) [Cubitt et al. 2014]. ξf ∈ Xq(G)

[MR16]

• HR
f ∈ Xq(G) [Li-Zuiddam 2019] (HR

f = HC
f )

Θq(G) ≤ HR
f (G) ≤ HR(G) ⇒ ∃ G , Θq(G) ≤ HR(G)<ϑ(G) [Haemers 1979]

• Hope(?): Θq = Θ∗ = ϑ.

Cannot be true at the same time! Since Θq(G) ≤ Θ∗(G) ≤ ϑ(G).
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The Zero-error Classical Capacity of

Quantum Channels and a

Noncommutative Haemers Bound



Zero-error Communication through Quantum Channels

ΦMn Mn′

Quantum Channel: Φ(ρ) =
m∑

k=1

EkρE
†
k ∀ρ ∈ Mn satisfying

m∑
k=1

E†k Ek = In

Send classical zero-error messages via Φ: Encode i 7→ |ψi 〉〈ψi |

Φ(|ψi 〉〈ψi |) and Φ(|ψj 〉〈ψj |) are nonconfusable ⇔ 〈ψi |E†k Ek′ |ψj 〉 = 0 ∀ k, k ′ = 1, . . . ,m

Noncommutative (confusability) graph [Duan-Severini-Winter 2013]:

SΦ = span{E†k Ek′ : k, k ′ = 1, . . . ,m} ⊆ Mn

Maximum # zero-error messages send through Φ ⇔ Independence number of SΦ

α(SΦ) = max{` : ∃ |ψ1〉, . . . , |ψ`〉︸ ︷︷ ︸
“vertices”

, 〈ψi |A|ψj 〉 = 0︸ ︷︷ ︸
“nonadjacency”

∀ i 6= j & A ∈ SΦ︸ ︷︷ ︸
“edges”

}.

The Shannon capacity of SΦ: Θ(SΦ) := sup
k

k
√
α(S⊗k

Φ ) = lim
k→∞

k
√
α(S⊗k

Φ )
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Graphs and Noncommutative Graphs

Classical Channel N Quantum Channel N

{N(j |i) : i ∈ [n], j ∈ [n′]} N(ρ) =
n∑

i=1

n′∑
j=1

N(j |i)|j〉〈i |ρ|i〉〈j |

Confusability graph Noncommutative graph

G = ([n],E) where
SN = span{|i〉〈i ′| : ∃ j ,

√
N(j |i)N(j |i ′) > 0}{i , i ′} ∈ E if ∃ j ∈ [n′], N(j |i)N(j |i ′) > 0.

G 7→ SG : Semiring homomorphism G → S = ({Iso. cl. of nc-graphs},⊕,⊗, {0},C)
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Upper bounds on the Noncommutative Shannon Capacity

Graph Shannon capacity upper bound

φ : G → R≥0

• α(G) ≤ φ(G) (φ(G) ≤ φ(H) if

G ≤ H)

• φ(G � H) ≤ φ(G)φ(H)
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• ϑ : S → R≥0 is only supermultiplicative. (ϑ : G → R≥0 is multiplicative.)
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Noncomm. Lovász Theta Function [DSW13]:

ϑ(S) = max{||I + T || : I + T ≥ 0,T ∈ S⊥}.

ϑ̃(S) = sup
m
ϑ(S ⊗Mm) = sup

m
max{||I + T || : I + T ≥ 0,T ∈ S⊥ ⊗Mm}

• ϑ̃(SG ) = ϑ(G) for any graph G .

• ϑ̃(S) ≤ ϑ̃(T ) if S ≤ T .

• ϑ̃(S ⊗ T ) = ϑ̃(S)ϑ̃(T ).

• ϑ̃(S) ≥ Θ(S) for any noncommutative graph S .
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The Haemers Bound of Noncommutative Graphs

HC(G) = min{rank (B) : B ∈ Mn(C), Bi,i = 1 for i ∈ [n], Bi,j = 0 for {i , j} 6∈ E}

= min{rank (I + B) : Bi,j = 0 if {i , j} 6∈ E or i = j}

= min{rank (I + B) : B ∈ S⊥
G
}

It is not clear how to generalize HC to noncommutative graphs.

[Gribling-Li 2020]: H(S) = min{rank (B) : m ∈ N, B ∈ Mm(S),
m∑
i=1

Bi,i = In}.

Properties of H(S):

• H(SG ) = H(G) for any graph G .

• H(S ⊗ T ) ≤ H(S)H(T ), H(S ⊕ T ) = H(S) +H(T ).

• H(S) ≤ H(T ) if S ≤ T .

• Θ(S) ≤ H(S) for any noncommutative graph S .

• H(S) < ϑ̃(S) for some noncommutative graph S.
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Spectral Points in X(S)

Proposition: There is a surjective map η : X(S)→ X(G)

Natural Question: Starting from φ ∈ X(G), construct φ ∈ X(S).

Example: ϑ 7→ ϑ̃.

Other known points in X(G)?

• The fractional Haemers bound HC
f (G)

• The projective rank (fractional orthogonal rank) ξf (G)

• The fractional clique cover number χf (G)

Open problem: How to get fractional noncommutative graph parameters?

Work in progress: Noncommutative fractional Haemers bound and projective

rank. (Don’t know how to prove multiplicativity.)
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