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Main Results

e The Haemers bound over R upper bound the zero-error
capacity of classical channels assisted by maximally entangled
state and projective measurements.

e There is a noncommutative Haemers bound which upper
bounds the zero-error classical capacity of quantum channels.



The Zero-error Capacity of Classical
Channels



Zero-error Communication through Classical Channels

Classical communication Confusability graph
Alice— M —— Bob X1
& - s x>
X2 y2
X3 3
X4 b Z X4 X3
X5 Ys

xi~xify ey, st
X N Y N(y|xi)N(y|x;)) > 0.



Zero-error Communication through Classical Channels

Classical communication Confusability graph
Alice— M —— Bob X1
X1 » X5 X0
X2 Y2
X3 ¥3
X4 Ya X4 X3
X5 Y5

xi~x;if Jy € Y, s.t.
X N Y N(y|xi)N(y|x;) > 0.

e Zero-error encoding of N < Independent set of Gy



Zero-error Communication through Classical Channels

Classical communication Confusability graph
AIicel Bob X1
X1 1 X5 X
X2 Y2
X3 ¥3
X4 ya X4 X3
X5 Y5

x;i~x; if Jy € Y, s.t.
X N Y N(y|xi)N(y|x;) > 0.

e Zero-error encoding of N < Independent set of Gy
e Maximum # zero-error messages send through N: a(Gy)



Zero-error Communication through Classical Channels

Alice Bob
X1 i X1 »
X2 \4 Yo Xo \4 ¥2
X3 Y3 X3 3
X4 Ya X4 Ya v
X5 Y5 X5 7\ Ys
{{(g, h), (&', n")} € E(GR H) if
X N Y X N Y

o g=g', {hh'} € E(H) or

o {g,8'} € E(G), h=h or

o {g.&'} €E(G), {hh'}€EH
e Zero-error encoding of N < Independent set of Gy
e Maximum # zero-error messages send through N: a(Gy)
e Block-code of length k through N < confusability graph GE’(



Zero-error Communication through Classical Channels

N
Alice Bob
N
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e Zero-error encoding of N < Independent set of Gy

e Maximum # zero-error messages send through N: a(Gy)

e Block-code of length k through N < confusability graph Gﬁk
e Shannon capacity [Shannon 1956] of Gy (N):

O(Gw) :=sup {/a(GF*) = lim_{/a(Gy")




Asymptotic Spectrum of Graphs

The sum of chaunelscorresponds physically
to a situation where either of two channels may be
used (but not both), a mew choice being made for
each transmitted letter. The product channel
corresponds to a situation where both channels
are used each unit of time. It is interesting to
note that multiplication and addition of channels
are both associative and commitative, and that
the product distributes over a sum, Thus one can
develop a kind of algebra for channels in which
it u Rnssibla to write, for example, a polynomial

, where the ap are non-negative integers a
and B 44 a chaanel. Ve shall not, however
investigate here the algebraic properties of this
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Classical channels < Isomorphism classes of graphs.
Sum of two channels N + M < Disjoint union Gy U Gy
Product of two channels N x M < Strong product

Gy X Gy

Comm. semiring G = ({lso. cl. of graphs}, L, X, Ko, K1)

preorder <on G: G<H < G — H.
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Classical channels < Isomorphism classes of graphs.
Sum of two channels N + M < Disjoint union Gy U Gy
Product of two channels N x M < Strong product

Gy X Gy

Comm. semiring G = ({lso. cl. of graphs}, L, X, Ko, K1)
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a(G) =max{d: Ky < G}, X(G) = min{d : G < K4}.

Asymptotic spectrum of graphs X(G) := {<-monotone homomorphisms
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For any ¢ € X(G), a(G) < 6(G) < X(G).
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Spectral points in X(G)

Haemers Bound [Haemers 1979]: For G = ([n], E)
H"(G) = min{rank (B) : B € M,(F), B;; =1fori € [n], B;j = 0for {i,j} ¢ E}
Fractional Haemers bound [Blasiak 2013, Bukh-Cox 2018]:

HE(G) = inf{Lnl;(B)

o Hi(G) <H'(G)
e ¥, H; are incomparable V F. 9, Hf < &, < X; = max{¢: ¢ € X(G)}
o HI HE are different V I, F’ of different characteristic [BC18] 4

: Be Mn(Md(F)), B,'y,' =I;Vie [I‘)]7 B,',j = 0 for {I,j} Q E}



Entanglement-assisted Zero-error
Capacity and the Haemers Bound
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W)

Alice Bob

Still characterized by its confusability graph Gy [Cubitt-Leung-Matthews-Winter 2010]
Maximum # zero-error messages send through N assisted by entanglement: a.(Gy)

Entanglement-assisted Shannon capacity:

. k Xky — k Xk
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A restricted setting [Man&inska-Roberson 2016] (originally from non-local games):
Assisted by maximally entangled state & projective measurements: aq(Gy)

Quantum Shannon capacity:

_ k Xky — 1 k Xk
Oq(Gn) = SllJ(P \ ea(Gy) = kll)moc V/ 2a(GyX)
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Asymptotic Spectrum Characterizations for O,

Quantum homomorphism G % H [Mantinska-Roberson 2016]:

If 3 projectors Py ¥ g € V(G) h € V(H),
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X(9)

X«(G) € Xq(G) € X(9).
(GEH = G<qH = G<.H)

Xr & Xq(9) [MR16].
(3G, X¢(G) <X¢(G))

e For certain prime p, ’HE” & Xq(G) [Leung et al. 2012, Briét-Buhrman-Gijswijt
2013].
3G = G(p), H;”(G) < H™(G) < ag(G) < ©g(G)

e 0,(G) < VY(G) [Beigi 2010], ¥ € X+(G) [Cubitt et al. 2014]. &, € Xq(G)
[MR16]
o HF € X4(G) [Li-Zuiddam 2019] (HF = HE)
04(G) < HE(G) < HR(G) = 3 G, 94(G) < HR(G)<9(G) [Haemers 1979
e Hope(?): ©4g =0, =9.
Cannot be true at the same time! Since ©4(G) < ©4(G) < Y(G).
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Zero-error Communication through Quantum Channels

Quantum Channel: ®(p) = Z Eka: Vp € M, satisfying Z E,]:Ek = (|
k=1 k=1

Send classical zero-error messages via ®: Encode i — ;)1
®(|9i)rpi]) and ®(|2h;)1;|) are nonconfusable < (1/1,-|E£ Ewl|¢j) =0V k k'=1,...,m
Noncommutative (confusability) graph [Duan-Severini-Winter 2013]:

Se = span{E/E : k,k'=1,...,m} C M,

e Different Choi-Kraus representations of ® result in the same Sg;

e Sy is an operator system (S¢ = Sl, In € So). From any operator system S
there exists ® such that S = S¢ [Duan 2009, Cubitt-Chen-Harrow 2009]

e Two noncommutative graph S¢ and Sy are “isomorphic” if there exists a
unitary matrix U € M, such that UTSeU = Sy,.

e PRV =Sy ®Sy, P+V = Sy & Sy.



Zero-error Communication through Quantum Channels

Quantum Channel: ®(p) = Z Eka: Vp € M, satisfying Z E,]:Ek = (|
k=1 k=1

Send classical zero-error messages via ®: Encode i — ;)1
®(|9i)rpi]) and ®(|2h;)1;|) are nonconfusable < (1/1,-|E£ Ewl|¢j) =0V k k'=1,...,m
Noncommutative (confusability) graph [Duan-Severini-Winter 2013]:

Se = span{E/E : k,k'=1,...,m} C M,

Maximum # zero-error messages send through ® < Independence number of Sg

a(Se) = max{€: IY1),...,[e), WilAlp;) =0V i#j& A€ So}.



Zero-error Communication through Quantum Channels

m m
Quantum Channel: ®(p) = > ExpE/ Vp € M, satisfying > E/ Ey = I,
k=1 k=1

Send classical zero-error messages via ®: Encode i — ;)]
S([9pi)1i]) and ®(|1);)(v)}|) are nonconfusable < (1/1,4|E2 Ewl|¢j) =0V k k'=1,...,m
Noncommutative (confusability) graph [Duan-Severini-Winter 2013]:
So :span{EEEk/ kK =1,...,m}C M,
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——
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Zero-error Communication through Quantum Channels

m m
Quantum Channel: ®(p) = > ExpE/ Vp € M, satisfying > E/ Ey = I,
k=1 k=1

Send classical zero-error messages via ®: Encode i — ;)]
S([9pi)1i]) and ®(|1);)(v)}|) are nonconfusable < (1/1,4|E2 Ewl|¢j) =0V k k'=1,...,m
Noncommutative (confusability) graph [Duan-Severini-Winter 2013]:
So :span{EEEk/ kK =1,...,m}C M,
Maximum # zero-error messages send through ® < Independence number of Sg

ASe) = max{€: 3[er),...,I0e), (WilAly) =0 Vi#j& AC Se}.
——

“vertices"” “nonadjacency” “edges”

The Sh ity of Se: ©(Ss) :=sup {/a(SF¥) = lim /a(SP*
e Shannon capacity of S¢: ©(Se) snip a(S5) Jm a(Sy)




Graphs and Noncommutative Graphs

Classical Channel N

Quantum Channel N

{NG1i) i€ [nlj € [n']}

N(p) = > > NGIiLiXileli)il

i=1 j=1

Confusability graph

Noncommutative graph

G = ([n], E) where
{i,i'} € Eif 3 € [n'], N(|i)N(]i") > 0.

Sy = span{|i)i’| : 3j, V/N(I)N(Ii") > 0}
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Graphs and Noncommutative Graphs

Classical Channel N Quantum Channel N
{NGli)z i€ [nl,j € n'T} N(p) = ZZ NGIDLXilpl )]
Confusability graph G Noncc:r;njwziative graph Sg
{i,i"} € E ifGHZj (G[n[]’;/i) ,VJZT;(;NU\;/) >0, | S =span{liXi|: i=1"€nlor {i,i"} € E}
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Graphs and Noncommutative Graphs

Classical Channel N Quantum Channel N
n n
{NGli) =i € [n,j € [n']} N(p) =D > NGINLXileli)il
i=1 j=1
Confusability graph G Nonccommutative graph Sg
G = ([n], E) where Sg = span{|iXi’| : i=i €[n]or {i,i'} € E}
{i,i"}y € Eif 3je[n], N(|I)N(|i") > 0. ’

G — Sg: Semiring homomorphism G — S = ({Iso. cl. of nc-graphs}, @, ®, {0}, C)

e G~ HeSe = 5y (S2T < 3Ue U, U'SU = T) [Ortiz-Paulsen 2015]
o GXHw— Sery =S6®Sy, GUH — Sguy = S D Su.-
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Graphs and Noncommutative Graphs

Classical Channel N Quantum Channel N
n n
{NGli) =i € [n,j € [n']} N(p) =D > NGIXilpli)il
i=1 j=1
Confusability graph G Nonccommutative graph Sg
G = ([n], E) where Sg = span{|iXi’| : i=i €[n]or {i,i'} € E}
{i,i"}y € Eif 3je[n], N(|I)N(|i") > 0. ’

G — Sg: Semiring homomorphism G — S = ({Iso. cl. of nc-graphs}, @, ®, {0}, C)

e G2 H&Se = Sy (ST « 3UE Uy, U'SU = T) [Ortiz-Paulsen 2015]
e GRH— Scgy =S¢ ® Sn, GUH — Scuy = S ® Sh.

o d Ky Dy =span{|iXi| : i € [d]} C My

a(G) = a(Sg), ©(G) = ©(S;) [Duan-Severini-Winter 2013].
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Classical Channel N Quantum Channel N
{NGli)z i€ [nl,j € [n'T} N(p) = > NGINLXileli)]
i=1 j=1
Confusability graph G Nonccommutative graph S¢
G = ([n], E) where B VD o A & 7 @
(i, 7Y€ Eif3j e [n], NGIINGIT) > 0. | o6 =sPandliXil: i=i"€n] or {i, i} € £}

G — Sg: Semiring homomorphism G — S = ({lso. cl. of nc-graphs}, ®, ®, {0}, C)
Preorder on S [Stahlke 2016]:
S < T if 3 Choi-Kraus operators Ej, ..., Ep s.t. EI.T TE; C S for any i,j € [m].
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G — Sg: Semiring homomorphism G — S = ({Iso. cl. of nc-graphs}, @, ®, {0}, C)

Preorder on S [Stahlke 2016]:
S < T if 3 Choi-Kraus operators Ej, ..., Ep, s.t. E,T TE; C S for any i,j € [m].
Proposition [Stahlke 2016]: S¢ < Sy < G < H. a(S) = max{d : Dy < S}.
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Graphs and Noncommutative Graphs

Classical Channel N Quantum Channel N
A
{NGili) < i € [n],j € ["']} Nip) = 3_ > NGILiXileliil
Confusability graph G Noncc:ninjwztative graph Sg
{i,i"} € E ifGH:j (e[?]é/l]g,) /\C(Iﬁ;;/v(j\i’) 5o, | So=span{|iXi|: i=1"€ln] or {i,'} € E}

G — Sg: Semiring homomorphism G — S = ({Iso. cl. of nc-graphs}, &, ®, {0}, C)
Preorder on S [Stahlke 2016]:

S < T if 3 Choi-Kraus operators Ei, ..., Ep s.t. Ei]L TE; C S for any i,j € [m].
Proposition [Stahlke 2016]: S¢ < Sy < G < H. a(S) = max{d : Dy < S}.

X(S) = min{d : S < Dy} is not well-defined: S = span{h}, X(S) = +o0.
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Classical Channel N Quantum Channel N
{NGli) i€ [nl,j € n'T} N(p) = zn:z": NGIDLXilel ]
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S < T if 3 Choi-Kraus operators Ej, ..., Ep s.t. E,.]L TE; C S for any i,j € [m].
Proposition [Stahlke 2016]: S¢ < Sy < G < H. a(S) = max{d : Dy < S}.

Asymptotic spectrum of nc-graphs X(S) := {<-monotone homo. ¢ : S — R>¢}
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{NGli) =i € [nl,j € [n']} N(p) =D > NGIXilpli)il
i=1 j=1
Confusability graph G Nonccommutative graph Sg
G = (In], E) where S¢ = span{|iXi’| : i=1i €[n]or {i,i'} € E}
{i,i"y € Eif 3je[n], N(|I)N(|i") > 0. ’

G — Sg: Semiring homomorphism G — S = ({Iso. cl. of nc-graphs}, @, ®, {0}, C)
Preorder on S [Stahlke 2016]:

S < T if 3 Choi-Kraus operators Ei, ..., Ep s.t. E,.]L TE; C S for any i,j € [m].
Proposition [Stahlke 2016]: S¢ < Sy < G < H. a(S) = max{d : Dy < S}.
Asymptotic spectrum of nc-graphs X(S) := {<-monotone homo. ¢ : S — R>¢}

For any ¢ € X(S), a(S) < ¢(S) = O(S) < min{¢(S) : ¢ € X(S)}
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Graphs and Noncommutative Graphs

Classical Channel N Quantum Channel N
n n
{NGli) z i€ [nl,j € [n'T} N(p) =D > NGIiXilpli)il
i=1 j=1
Confusability graph G Nonccommutative graph Sg
G = ([n], E) where . VDN o A & 7 @
(.Y e Eif3jen], NGIWNGIT) > 0. | 6 =sPandliXil = i=1i"&n] or {i,} € £}

G — Sg: Semiring homomorphism G — S = ({Iso. cl. of nc-graphs}, @, ®, {0}, C)
Preorder on S [Stahlke 2016]:

S < T if 3 Choi-Kraus operators Ei, ..., Eq s.t. Ej TE; C S for any i,j € [m].
Proposition [Stahlke 2016]: S¢ < Sy < G < H. «(S) = max{d : Dy < S}.
Asymptotic spectrum of nc-graphs X(S) := {<-monotone homo. ¢ : S — R>q}
For any ¢ € X(S), a(S) < 9(S) = ©(S) < min{¢(S) : ¢ € X(S)}

Open problem: ©(S)=7min{¢(S) : ¢ € X(S)}
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Graphs and Noncommutative Graphs

Classical Channel N Quantum Channel N
{NGli)z i€ [nl,j € [n'T} N(p) = > > NGIiXilpli)il
i=1 j=1
Confusability graph G Nonccommutative graph Sg
G = ([n], E) where NN o A A -
’ = 0 = E
(7} € Eif3je ], NGIONGI) > 0. | 6 =sPandliXil: i=1i"&nlor {i, '} € E}

G — Sg: Semiring homomorphism G — S = ({lso. cl. of nc-graphs}, ®, ®, {0}, C)
Preorder on S [Stahlke 2016]:

S < T if 3 Choi-Kraus operators Ej, ..., Ep s.t. E[T TE; C S for any i,j € [m].
Proposition [Stahlke 2016]: S¢ < Sy < G < H. a(S) = max{d : Dy < S}.
Asymptotic spectrum of nc-graphs X(S) := {<-monotone homo. ¢ : S — R>¢}
For any ¢ € X(S), a(S) < 6(S) = ©(S) < min{6(S) : 6 € X(S)}

Open problem: ©(S)=7min{¢(S) : ¢ € X(S)}

Theorem [Li-Zuiddam 2019]: Asymptotic spectrum characterization for E.-A. Shannon
capacity of noncommutative graphs. 10



Upper bounds on the Noncommutative Shannon Capacity

Graph Shannon capacity upper bound
(Z) G — RZO
o o(G) < ¢(G) (#(G) < ¢(H) if
G < H)

o ¢(GHH) < ¢(G)o(H)

11



Upper bounds on the Noncommutative Shannon Capacity

Nc-graph Shannon capacity upper bound

Graph Shannon capacity upper bound .
$:G — Rsg | ?'SHRZO
e o(G) < 9(G) (4(6) < o(H) i " o) et
—r o a(S) < (5) (&(S) < o(T) if
- 5<T)
° GX H) < ¢(G)p(H
e = e . 05 T) < H(S)T)
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Upper bounds on the Noncommutative Shannon Capacity

Nc-graph Shannon capacity upper bound

Graph Shannon capacity upper bound 6:8 = Reg
¢:G — Rxg B
_ e 9(G) = #(S¢)
* a(G) < ¢(G) (¢(G) < ¢(H) if
G < H) o a(S) < ¢(S) (#(S) < o(T) if
cb(;@ H) < ¢(G)o(H) =7
e (S®T)<(S)s(T)

The Lovasz theta function [Lovasz 1979]:

HG)=max{||[| + T||: 1+ T >0, T,;=0if {i,j} € Eori=j}
=max{||/ + T||: 1+ T >0,T € S¢}
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Upper bounds on the Noncommutative Shannon Capacity

Nc-graph Shannon capacity upper bound

Graph Shannon capacity upper bound é:8 = Rsg
(;5 G — Rzo -
_ e 9(G) = #(S¢)

* o(G) < ¢(G) (¢(G) < ¢(H) if :

G < H) o a(S) < 4(5) (4(5) < §(T) if

- S<T)

° GX H) < ¢(G)p(H -

AEE) = ol . K(5@T)<AS)(T)

The Loviész theta function [Lovész 1979]:

IG)=max{|/ + T||: 1+ T >0, T;; =0if {i,j} € Eori=j}
=max{|[/ + T|: 1+ T>0,T € SZ}

Noncomm. Lovdsz Theta Function [DSW13]:
W(S)=max{|[/+ T||: I+ T >0,T € S*}.
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Upper bounds on the Noncommutative Shannon Capacity

. Nc-graph Shannon capacity upper bound
Graph Shannon capacity upper bound $:S = Rsg

¢Ig—)RZO ‘ B
e a(G) < 4(6) (#(6) < o(H) i " )=o) |
G < H) o oS) S) B(S) (¢(S) < (T) if
S<T
° GXH) < o(G)p(H -
#(G B H) < 6(G)o(H) e

The Loviész theta function [Lovész 1979]:

HG)=max{|[l + T||: 1+ T2>0, T;; =0if {i,j} € Eori=j}
=max{|[/ + T|: 1+ T>0,T € SZ}

Noncomm. Lovasz Theta Function [DSW13]:
W(S)=max{|[[I+ T||: I+ T>0,T € S*}.

e J(S;) = Y(G) for any graph G.
e J(S)<IT)ifS<T.
¥ : S — Rxg is only supermultiplicative. (¥ : G — R>¢ is multiplicative.)
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Upper bounds on the Noncommutative Shannon Capacity

. Nc-graph Shannon capacity upper bound
Graph Shannon capacity upper bound $:S = Rsg

#1692 Rxo 6(G) = o(Sc)
[ ] fi — G
e a(G) < (G G) < o(H) if
o), e e = et . a(S) < #(S) (6(S) < H(T) if
- S

o #(G X H) < ¢(G)p(H) . o

~

=
®T) < ¢(S)o(T)

Noncomm. Lovdsz Theta Function [DSW13]:
I(S)=max{||/ + T||: I+ T>0T eSS}

J(S) =supH(S @ M) =supmax{|[[+ T||: I+ T >0, T € 5+ ® Mn}

e o
1 Dt

}(Sg) = ¥(G) for any graph G.
(S)<HT)ifS<T.

(S® T)=439(S)J(T).
(
o(

°
=

S) > ©(S) for any noncommutative graph S.
S) can be computed by semidefinite programming.

°
S
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The Haemers Bound of Noncommutative Graphs

HC(G) = min{rank (B) : B € M,(C), Bj;=1for i€ [n], B;j =0 for {i,j} & E}
=min{rank (/ + B): B;;=0if {i,j} € Eori=j}
= min{rank (/ + B): B¢ SEL}

12



The Haemers Bound of Noncommutative Graphs

HE(G) = min{rank (B) : B € Mn(C), B;;=1foric [n], Bij =0 for {i,j} ¢ E}
min{rank (/ + B) : B;; =0if {i,j} ¢ E or i =}
min{rank (/| + B): B € SEL}

It is not clear how to generalize HC to noncommutative graphs.
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The Haemers Bound of Noncommutative Graphs

x

=

°
\

= min{rank (B) : B € My(C), B;; =1 fori € [n], B;;j =0 for {i,j} & E}
min{rank (/ + B) : B;; =0if {i,j} ¢ E or i =}
min{rank (/| + B): B € SEL}

It is not clear how to generalize HC to noncommutative graphs.

m

[Gribling-Li 2020]: #(S) = min{rank (8): m € N, B € Mn(S), >_ Bii = In}.
i=1
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The Haemers Bound of Noncommutative Graphs

HE(G) = min{rank (B) : B € Mn(C), B;;=1for i€ [n], Bij =0 for {i,j} ¢ E}
=min{rank (/ + B): B;j;j=0if {i,j} ¢ Eori=j}
= min{rank (/ + B): B € S}
It is not clear how to generalize H® to noncommutative graphs.
[Gribling-Li 2020]: #(S) = min{rank (B) : m €N, B € Mn(S), > Bj;=In}.
i=1

Proof idea:

e Haemers bound HC(G) + positive semidefiniteness = orthogonal rank

&(G) = min{rank (/ + B): B;;=0if {i,j} &€ E or i = j,| + B > 0}. [Peeters
1996]
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The Haemers Bound of Noncommutative Graphs

HC(G) = min{rank (B) : B € M,(C), Bj;j=1forie€[n], Bij =0 for {i,j} ¢ E}
=min{rank (/ + B): B;j;j=0if {i,j} ¢ Eori=j}
= min{rank (/ + B): B € S}

It is not clear how to generalize H® to noncommutative graphs.

m

[Gribling-Li 2020]: #(S) = min{rank (B) : m € N, B € Mn(5), Z Bii=In}.
i=1

Proof idea:

e Haemers bound HC(G) + positive semidefiniteness = orthogonal rank
&(G) = min{rank (/ + B): B;;=0if {i,j} &€ E or i = j,| + B > 0}. [Peeters
1996]
e noncommutative orthogonal rank [Stahlke 2016], rank formulation
[Levene-Paulsen-Todorov 2018]
m

&(S) = min{rank (B) : m€N, B € Mn(S), > _ Bjj=1l,, B>0}
i=1

)
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The Haemers Bound of Noncommutative Graphs

HE(G) = min{rank (B) : B € M,(C), Bjj=1foric[n], Bjj =0 for {i,j} ZE}
=min{rank (/ + B): B;j;j=0if {i,j} ¢ Eori=j}
= min{rank (/ + B): B € S}

It is not clear how to generalize H® to noncommutative graphs.

m

[Gribling-Li 2020]: #(S) = min{rank (B) : m € N, B € Mn(5), Z Bii=In}.
i=1

Proof idea:

e Haemers bound HC(G) + positive semidefiniteness = orthogonal rank
&(G) = min{rank (/ + B): B;;=0if {i,j} &€ E or i = j,| + B > 0}. [Peeters
1996]

e noncommutative orthogonal rank [Stahlke 2016], rank formulation
[Levene-Paulsen-Todorov 2018]

m

&(S) = min{rank (B) : m€N, B € Mn(S), > Bj;=1l, B>0}
i=1

)

e Remove PSD condition!
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The Haemers Bound of Noncommutative Graphs

hy
&
)
I

= min{rank (B) : B € M,(C), Bj;=1for i€ [n], B;j =0 for {i,j} & E}
min{rank (/ + B) : B;; =0if {i,j} ¢ E or i =}
min{rank (/ + B) : B € %}

It is not clear how to generalize HC to noncommutative graphs.

m

[Gribling-Li 2020]: #(S) = min{rank (8): m € N, B € Mn(S), >_ Bii = In}.
i=1

Properties of H(S):

o H(Sg) = H(G) for any graph G.

o H(SQ®T)<H(SYH(T), H(S® T) = H(S) + H(T).
o H(S)<H(T)ifS<T.

e O(S) < H(S) for any noncommutative graph S.

o 7(S) < J(S) for some noncommutative graph S.



Spectral Points in X(S)

Proposition: There is a surjective map 7 : X(S) — X(G)
Natural Question: Starting from ¢ € X(G), construct ¢ € X(S).
Example: ¥ — 9.

Other known points in X(G)?

e The fractional Haemers bound Hf(G)
e The projective rank (fractional orthogonal rank) &,(G)

e The fractional clique cover number Y(G)

Open problem: How to get fractional noncommutative graph parameters?

Work in progress: Noncommutative fractional Haemers bound and projective
rank. (Don't know how to prove multiplicativity.)

13



14



	The Zero-error Capacity of Classical Channels
	Entanglement-assisted Zero-error Capacity and the Haemers Bound
	The Zero-error Classical Capacity of Quantum Channels and a Noncommutative Haemers Bound

