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Shannon capacity and asymptotic spectrum of graphs

For a graph G = ([n], E),

- Independence number «a(G): size of the largest independent set
(empty subgraph).
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- Characterize the zero-error capacity of classical channels [Shannon
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Outline

Goal of this talk:

- Introduce quantum versions of independence numbers and Shannon capacities
via nonlocal games

- Characterize quantum Shannon capacities in terms of quantum asymptotic
spectra of graphs

- New elements in the asymptotic spectrum of graphs: Tracial rank [PSSTW 16]
and tracial Haemers bound [GGL 21]

Connections with the symposium topic:

- Characterizations of certain entanglement-assisted zero-error capacities of
classical channels

- Many spectrum points can be placed in the framework of tracial polynomial
optimization



A Nonlocal Game for Graph Homomorphism

- Alice and Bob know two graphs G, H and
share some correlation

- The referee send ga, gs € V(G)
- Alice and Bob return ha, hg € V(H)
- Winning condition:

* ga=gg=ha=hsp
* ga~3gg=>ha~hg

nonlocal Corr.
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A Nonlocal Game for Graph Homomorphism

- Alice and Bob know two graphs G, H and
share some correlation

- The referee send ga, gs € V(G)

- Alice and Bob return ha, hg € V(H) h da 0B e
- Winning condition:
ANNN-
*ga=gs=ha=hp
nonlocal Corr.

* ga~3gg=ha~hg

If Alice and Bob share
- Local randomness: 3 perfect strategy < graph hom. G —+ H
- Entanglement in tensor-product model: 3 perfect strategy < G S H
- Entanglement in commuting-operator model: 3 perfect strategy <

GLH

GoH=>G6XH=>6%H



Quantum Independence Numbers and Shannon Capacities

For a graph G = ([n],E) and t € {q,qc},

- t-independence number a:(G) := max{d : Ky - G}

- ag(G): Characterize the largest zero-error encoding of classical channel
assisted by maximally entangled state and projective measurement.
a.(G): Characterize the largest zero-error encoding of classical channel
assisted by entanglement. aq < au.
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Tracial Rank

A-tracial representation of G = ([n], E):

- A C"-algebra A with a tracial state 7 : A — C
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Tracial rank: &,(G) = inf{\: 3 X\ — tracial representation of G}.
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- Projections {Pi}iciny € A st. 7(P)) by
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- 9(G) = &°(G) < -+ < €2(G) = &,(G) < £21(G) = &(0)
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g—subspace representation of G = ([n], E) [Introduced by Lex Schrijver]:

dim-r subspaces S; C C? Vi € [n] such that S; N ( S))={0}Vie[n]
J
i} gE

Fractional Haemers bound: H;(G) = inf{% = % — subspace rep. of G}
A-tracial subspace representation of G = ([n], E):

- Avon Neumann algebra M with a tracial state 7: M — C

- Projections {P}icyy C Mst 7(P) = ~and A( \/ P)=0Vien]

A .
J{iJ}&E

Tracial Haemers bound: Hy(G) = inf{\ : 3 X — tracial subspace rep. of G}.

Remark:
- Pin( \/ P)=0 < ran(P;)Ncl( Z ran(P;)) = {0}
jij}¢E Jj{ij}¢E
- Von Neumann algebra is necessary. (A and Vv are closed in M)
- A-tracial rep. (PiP; = 0if {i,j} & E) = a A-tracial subspace rep.




Properties of the Tracial Haemers Bound
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Hir(G) = inf{\ : I X—tracial subsp. rep. of G}, | H(G) = inf{A: 3 X — tracial proj. rep. of G},
where a A-tracial subspace rep. is where a A-tracial projection rep. is
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Properties of the Tracial Haemers Bound

H[r(G)
where a A-tracial subspace rep. is

- AVN algebra M with a trace 7: M — C
. 1
- Proj. {Pi}icim € M st 7(P) = 3 and

P,'/\( \/ P/):OVIE[H]
i} eE

=inf{X: I X—tracial subsp. rep. of G},

Hir(G) = inf{X : I X — tracial proj. rep. of G},
where a A-tracial projection rep. is

- AvN algebra M with atracer: M — C
. Proj. {Pi}ie[n] C Mst T(P,‘) =

IPC \/ P)Il=0Vi€ln]
J{iJ}EE

]
— and
A

1 M is Finite-dim. = H;(G; C); M is Comm. = X;(G); Her < &

5 1
2 3G st Hy(G) < Hy(G) < 9¥(G) and Hy(Cs) = 5> 9(Cs) (Hir(Copyr) = R+ E)

ifG %5
(G

Hr (Kg) = d: Hir (G) < Her(H) i
Hir(GRH) < Hir(G)Her (H); He
max{d : Ky 3 G} = aqe(G) < ©
Hir (G H) > Her(G)Hir (H); He

o B~ w

(

) Hir (G) + Her(H)
< Hir(G)

H) > Hy (G) + Htr(H) = Hir € Xgc
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Thanks for your attention!



